We apply point-particle effective field theory (PPEFT) to electronic and muonic 4 He + ions, and use it to identify linear combinations of spectroscopic measurements for which the theoretical uncertainties are much smaller than for any particular energy levels. The error is reduced because these combinations are independent of all short-range physics effects up to a given order in the expansion in the small parameters R/aB and Zα (where R and aB are the ion's nuclear and Bohr radii). In particular, the theory error is not limited by the precision with which nuclear matrix elements can be computed, or compromised by the existence of any novel short-range interactions, should these exist. These combinations of 4 He measurements therefore provide particularly precise tests of QED. The restriction to 4 He arises because our analysis assumes a spherically symmetric nucleus, but the argument used is more general and extendable to both nuclei with spin, and to higher orders in R/aB and Zα.
I. INTRODUCTION
Recently, laser spectroscopy of muonic atoms [1] has opened the door to new and unique precision tests of Quantum Electrodynamics (QED). However, the small size of most QED corrections to atomic levels [2] makes them compete with more mundane energy shifts, such as those due to the finite size of the nucleus. This makes uncertainties in computing nuclear contributions to atomic energy shifts important components of the theoretical error budget when comparing with experiments.
These theoretical uncertainties are made worse by the 'proton-radius' problem [3] , in which the root-meansquared charge radius inferred from the leading nuclear contributions to atomic energy shifts appears to depend on the flavour of the orbiting lepton. Until it is understood whether this problem is solved by a better understanding of the experimental errors or through the existence of new physics (such as a new short-range force coupling differently to muons and electrons [4] ), this discrepancy must be treated as an unknown unknown when assessing the theory error.
A better understanding of the nature of short-distance nucleus/lepton interactions is therefore an important prerequisite for exploiting the precision of spectroscopic measurements to test QED. This is where the pointparticle effective field theory (PPEFT) framework can help [6] [7] [8] . This formalism allows one to write a small set of effective interactions that capture the effects of all short-distance contributions to atomic energy levels (including both nuclear-scale physics and any hypothetical new short-range forces), order-by-order in powers of the relevant small size, R, of the physics in question. For nuclear physics R would be of order the nuclear radius, while for a new short-range force it would instead be the force's range. The existence of these effective interactions allows a robust parameterization of the contributions of short-distance physics to atomic energy levels, without having to understand the details of its microscopic origin.
Of course, knowing the underlying microscopic physics in question (such as the structure of the relevant nucleus) it becomes possible to compute the size of these effective interactions from first principles. In this language the uncertainties in nuclear-structure calculations enter into predictions through any inaccuracy in the values so inferred for the effective interactions.
Instead of trying to reduce the inaccuracy of these effective couplings, in this paper we identify combinations of spectroscopic measurements from which all of the relevant short-distance effective couplings drop out to a fixed order in the expansion in R/a B = mRZα and Zα (where m is the mass of the orbiting particle, Z is the nuclear charge, α is the fine-structure constant and a B is the relevant Bohr radius). These combinations are particularly interesting because the absence of short-distance contributions to them means that the theoretical error for these observables is controlled by powers of R/a B or Zα rather than by the larger uncertainties arising from (say) nuclear physics. A similar approach has been used to cancel dependence on nuclear effects for the hyperfine splitting in hydrogen [16] (as well as to highlight nuclear isotope dependence, among other reasons [2, 17] ), however our approach has the advantage of being systematic, and can be applied in principle to any spinning or spinless nucleus. We can also extend our results to higher orders, as we illustrate by identifying nuclear-free combinations to higher order in Zα than has been done previously.
II. PPEFT OF 4 He
As applied to atoms, PPEFT exploits the hierarchy of scales between the size, R, of a small source (the nucleus) and the much larger size, a B , of the Bohr radius. The expansion of observables in powers of R/a B reveals them not to depend on all of the nuclear details, but only on a set of 'generalized multipole moments', similar to the way that ordinary multipole moments control the expansion of the electrostatic field of a compact charge distribution.
The required moments are identified by writing the first-quantized action for the nucleus that includes all possible local interactions between its centre-of-mass coordinate, y µ (τ ), and the 'bulk' fields A µ (x) and Ψ(x), describing the electromagnetic potential and the Dirac field of the orbiting particle respectively. For simplicity, we assume a spherically symmetric nucleus, specialize to helium (or other doubly magic nuclei) and restrict to parity-preserving interactions, leading to [8] :
Here W denotes the world-line y µ (τ ) of the nucleus -along which τ is its proper time with derivativė y µ := dy µ /dτ -at which all bulk fields are evaluated; γ µ denotes the Dirac gamma matrices and 3 and should be order R 3 and so on, with the ellipses containing all terms suppressed by more than three powers of R.
For simplicity of presentation we neglect nuclear recoil effects and work with a static nucleus:
(This amounts to dropping powers of m/M , though these corrections are easily included). The above action then becomes
This revealsh = 1 6 Ze r 2 p to be the charge-radius, d s and d v to be related to the order-R 3 Friar moment contributions to the nuclear electrostatic form-factor [12] , and d E and d B to encode the contribution of nuclear polarizability to atomic energy levels [15] , and so on.
To study atomic helium in this framework we solve for ψ(x) = 0|Ψ(x)|n away from the nucleus, which is given in the usual way by QED. Neglecting radiative corrections and R-dependent effects means solving the Dirac equation with a Coulomb potential:
for energy eigenstates ψ ∝ e −iωt . This has well-known solutions of definite parity and total angular momentum given by:
, (4) where ψ + (ψ − ) denotes the positive (negative) parity eigenstate, U ± jjz are the Dirac spinor harmonics with definite total angular momentum j = ℓ ± 1 2 and paritŷ Π U
, and f ± (r) and g ± (r) solve the radial parts of the Dirac equation.
In this language the entire influence of nuclear-scale physics on the orbiting fermion arises through the boundary condition implied by the point-particle action (2) for the bulk fields Ψ and A µ near the origin [6] [7] [8] . Since these fields diverge when taken to r = 0 ignoring the nuclear interior (such as does the Coulomb potential), this boundary condition must be imposed at a small (but arbitrary) distance r = ǫ outside the nucleus: R ≤ ǫ ≪ a B (with R the smallest radius where an external extrapolation is valid). For instance, the leading source contribution to the Dirac boundary condition turns out to be [8] 
p . However, the details of this boundary condition are not important for the purposes of this paper, since in what follows it suffices to parameterize the ratios (g + /f + ) r=ǫ and (f − /g − ) r=ǫ evaluated at ǫ = R in terms of their expansion in the two small quantities R/a B = mRZα and (Zα)
2 . This is most conveniently done by writing:
where X := (m − ω)/(m + ω) is included for later notational simplicity, and n is the state's principal quantum number. At the atomic energy levels, ω = m − (Zα) 2 m/(2n 2 ) + · · · , the quantities ξ f and ξ g have the expansions
where the ellipses involve terms involving more powers of (mRZα) and/or (Zα) 2 than those written, and the dependence on n follows directly from the ω-dependence of the radial Dirac equation.
The physics of the nucleus is parameterized by the dimensionless quantitiesĝ i andf i , and the normalizations of (6) are chosen so thatĝ 1 is determined by c s , c v andh and so defines the charge radius, r 2 , relevant to atomic energy levels. For instance, if the nucleus is modelled as a charge distribution then R is the radius where the charge vanishes, and r 2 = r 2 p = 3(1 + 2ĝ 1 )R 2 [8] . Similarly, the
Finally, employing the known solutions for f ± and g ± in the bulk (i.e., the standard Dirac-Coulomb solutions), and imposing normalizability in addition to the boundary conditions above leads to formulae for the perturbations to the Dirac-Coulomb energy levels, parameterized by the couplingsf i andĝ i [8] . For j = 1/2, the nucleusdependent shift to the positive-and negative-parity energy levels is:
where the ellipses contain terms that are down relative to those shown by (mRZα) 2 within the parentheses, and
where the ellipses contain terms suppressed by higher powers of (mRZα) and (Zα) 2 . Here H m are the harmonic numbers H m = 1 + 2 but for electrons (mRZα) ≃ (Zα) 2 . It is important to note here that for a nucleus described simply by a static charge distribution,f 1 is generically 2/3, and so the leading term in (9) generically vanishes. However, some sort of new physics could modify the value off 1 and make this term relevant, so from an agnostic effective field theory point of view, it must not be discarded.
For nuclei modelled as simple static charge distributions, these expressions reduce to the well-known formulae for finite-size corrections to the Dirac-Coulomb energies [8] [9] [10] [11] [12] [13] [14] . However, the real power of the expressions (8) and (9) is in their generality. Because the parametersf i andĝ i are interchangeable with the effective couplings to any order in R, and these incorporate all possible shortdistance interactions consistent with the particle content and symmetries, the above energy-shift formulae capture all possible small-scale physics that affects the orbiting fermion at this order in R-regardless of the details of what that physics might be.
III. ELIMINATING SHORT-RANGE PHYSICS
Of particular note, all uncertainties to do with nuclear matrix elements and short-distance interactions enter into atomic energy shifts through the uncertainties in the coefficientsĝ i in eq. (8) and the coefficientsf i in eq. (9) . Rather than trying to reduce the theoretical error by computing these coefficients more accurately, we now identify combinations of observables from which these coefficients cancel. How many observables are required to do so depends on how accurate a cancellation is required. At leading order onlyĝ 1 enters into any energy shift, so it can be eliminated given expressions for any two energy levels. At subleading order in (mRZα) there are three relevant parameters:ĝ 1 ,ĝ 2 andf 1 , so four energies are required in order to find a nucleus-independent observable, and so on. In general, if N of theĝ i andf i coefficients enter into (8) and (9) to a desired precision, then N + 1 measurements are required to obtain a nuclear parameterization-free combination. In certain circumstances, however, that number can be reduced. For instance if a difference of parity-even energies at the same m and Z is taken, then to order (mRZα),f 1 is irrelevant, and only one combination ofĝ 1 andĝ 2 arises, so only two pieces of data are necessary to make a prediction free of nuclear uncertainties. Our second and third examples below both improve on the N + 1 bound in such a way.
To formalize this we write the energy levels of hydrogenic atoms as: (10) where E Dirac is the energy eigenvalue predicted by the Dirac-Coulomb solution, and δE QED contains all QED radiative corrections in the limit of a point nucleus. δE PP is the nucleus-dependent contribution given above, and δE PP QED contains all QED radiative corrections to that contribution, both of which suffer from systematic uncertainties arising from model-dependent charge distributions, and the proton radius problem.
However, only differences ∆E 1→2 := E n1,j1,± − E n2,j2,± between energy levels can be measured spectroscopically. For these quantities we write:
with the Dirac-Coulomb and point-source QED effects labelled together as "EM". Our goal is to identify linear combinations of these observables from which theĝ i and f i cancel, and we do so explicitly here for muonic atoms at a relative accuracy of (mRZα) required to see the Friar moment. For electrons we go to the same accuracy, which is slightly more involved due to the necessity of keeping terms at relative order (Zα) 2 . Consider first the case of muonic 4 He + . Here, measurements of the 2S 1/2 → 2P 3/2 and 2S 1/2 → 2P 1/2 transitions have already been made [1] . To relative order (mRZα), the negative-parity energy shift is negligible when j = 3/2 (for any n), and so the first transition offers
which can be used to solve for eitherĝ 1 orĝ 2 . The second transition contains the same short-range effects apart from the non-negligible contribution to the j = 1/2 negative-parity state, and so the difference between those two transitions,
fixesf 1 . Nuclear effects cannot be eliminated using only these two transitions. (Notice however that when f 1 = 2/3, nuclear effects do happen to vanish to order (mRZα)). The situation changes if measurements of the same transition with higher n-values can be made. For instance, if the difference (13) is available with n = 3, then the linear combination
vanishes identically, and so the same linear combination of transition energies satisfies
which is a direct probe of QED contributions into which nuclear effects first enter at relative order (Zα) 2 (note that here, the radiative corrections δE PP QED are negligible since to this order they do not distinguish between the j = 1/2 and j = 3/2 states [18] ). This is effectively as if the nuclear uncertainty for this observable were of order (Zα) 2 . Another example arises when one notes that (8) implies all non-QED nucleus-dependent contributions up to relative O(mRZα) are independent of n apart from the overall factor of 1/n 3 . This observation is especially useful for the nS 1/2 → nP 3/2 transitions where the parity-odd energy shift is negligible at that order, since it implies, e.g., the linear combination
vanishes identically. For the muon, QED corrections to finite-size effects first arise at this order (relative order α), and are proportional to the squared proton charge radius [18] , which in our language means δE PP QED ∝ (1 + 2ĝ 1 )R 2 . Consequently the same linear combination of transition energies satisfies
where Q n1,n2
j1,j2 is a numerical coefficient calculable from QED predictions [18] . A direct probe of nuclear-free QED contributions similar to (15) can therefore be obtained with one further measurement-such as if the 4S 1/2 → 4P 3/2 transition can be observed. So with five measurements, we have two tests of QED for which all small-distance uncertainties (including those due to nuclear calculations) drop out, down to relative order (Zα)
2 . Similar arguments apply to measurements of S-wave to S-wave transitions in electronic helium, although here we must also be sure that the nuclear properties drop out for both relative (mRZα) and (Zα) 2 orders (since for electrons these are similar in size). To that order, the short-range energy shift can be separated into a piece with trivial n-dependence, and a piece with non-trivial n-dependence:
where
contains all terms in (8) independent of n, apart from the overall 1/n 3 which has been factored out, and F (n 1 , n 2 ) contains the rest of the difference (a complicated function of n 1 and n 2 ) with the common (1 + 2ĝ 1 ) factored out: [18] are known.
IV. CONCLUSION
We here apply the PPEFT framework to muonic and electronic atoms with spinless nuclei, which produce systematic parameterizations of the energy level shifts due to all short-range physics, including (but not limited to) uncertainties in evaluating nuclear contributions. Our parameterization cleanly identifies the number of parameters required to eliminate dependence on nuclear physics to any given measurement precision, and moreover, we identify several simple linear combinations of observables from which these parameters drop out altogether. We find the number of unique measurements required to assemble a parameterization-free theoretical prediction at any order is at most N + 1, where N is the number ofĝ i andf i coefficients relevant to the measurement precision. This bound need not necessarily be saturated. In certain circumstances, some degrees of freedom become redundant (e.g., in (17) ,f 1 is irrelevant) or degenerate (e.g., only one combination ofĝ 2 andĝ 3 appears in (22)), and so reduce the total number of measurements required to make a nucleus-independent statement.
For these observables our formulae reduce the theoretical error in tests of QED by eliminating any uncertainties arising from explicit models of the nucleus. The same combinations are also independent of any potential shortrange new physics (should this prove to be responsible for the proton-radius problem) allowing tests of QED using only muonic 4 He whose validity is undiminished by the existence of such forces.
Although we here address only spinless nuclei, it is certainly possible to include nuclei with spin in the PPEFT framework, and work is ongoing to do so. Though nuclear spin changes the counting of parameters in the energy shift formulae above, the principle remains exactly the same and we expect in this case also to be able to build observables from which short-range contributions completely drop out.
